Time in quantum mechanics is peculiar: it is an observable that cannot be associated to an Hermitian operator. As a consequence it is impossible to explain dynamics in an isolated system without invoking an external classical clock, a fact that becomes particularly problematic in the context of quantum gravity. An unconventional solution was pioneered by Page and Wootters (PaW) in 1983. PaW showed that dynamics can be an emergent property of the entanglement between two subsystems of a static Universe. In this work we investigate the possibility to introduce in this framework a Hermitian time operator complement of a clock Hamiltonian. An Hermitian operator complement of a Hamiltonian was introduced by Pegg in 1998, who named it "Age". We show here that Age, when introduced in the PaW context, can be interpreted as a proper Hermitian time observable. Its complement Hamiltonian governs a "good clock", physically provided by an appropriately chosen subsystem of the Universe.
I. Introduction
Observables in quantum theory are represented by Hermitian operators with the exception of time [1, 2] (and of a small group of related observables including phases [3] ). In Quantum Mechanics, as in Newtonian physics, time is an absolute "external" quantity, namely a real valued parameter that flows continuously independently from the material world. A far-reaching change of perspective from this abstract Newtonian concept was introduced in the theory of Relativity. Here time an "internal" degree of freedom of the theory itself, operationally defined by "what is shown in a clock", with the clock being a wisely chosen physical system [4] .
An interesting question is if an operational approach would also be possible in Quantum Mechanics by considering time as "what is shown in a quantum clock" [5] . Let's consider an isolated, closed system that we call "Universe" (which can simply be an atomic/optical system sufficiently well isolated from the surrounding environment) and let's insist on describing any possible dynamics without invoking an external Newtonian clock (namely, without an external reference frame for time). We can investigate the possibility to consider as clock a wisely chosen subsystem C of the Uni-verse. The full Hilbert space is therefore composed by a "clock subspace" C that keeps track of time and the subspace S that governs the rest of the Universe.
A possible approach to realize this program is to reconsider the Schrödinger equation of the Universe as:
The first termĤ s is the Hamiltonian of the system. We can try to interpret the second term as a (possibly approximate) time representation of a clock Hamiltonian:
Under the implicit assumption that that the two subsystems C and S are not interacting, Eq.(1) becomes:
The time representation of the clock Hamiltonian Eq.(2) would be correct, −i ∂ ∂tc =Ĥ c , only with a Hamiltonian having a continuous, unbounded spectrum. In this case we could write the Hermitian time operator in the energy representation asT = −i ∂ ∂Ec . Since we consider here an isolated physical system of finite size, the introduction of unbounded Hamiltonians with a continuous spectrum would not be possible. As a consequence, an Hermitian time operator written in differential form as in Eq.(1) cannot be introduced within standard approaches [1] .
A proposal to upgrade time from a classical to a quantum degree of freedom was formulated in 1983 by Don N. Page and William K. Wootters (PaW) [5, 6] . Motivated by "the problem of time" in canonical quantization of gravity (see for example [7, 8, 9] ) and considering a "Universe" in a stationary global state satisfying the Wheeler-DeWitt equationĤ |Ψ = 0, PaW suggested that dynamics can be considered as an emergent property of entangled subsystems of a timeless Universe. This approach has recently attracted many efforts (see for example [10, 11, 12, 13, 14] ), including an experimental illustration [15] .
In the PaW proposal, the dynamical Schrödinger equation is recovered for the relative state of the subsystem S (in the Everett sense [16] ) with respect to the clock subspace C, in presence of quantum correlations between C and S. For instance, in the original PaW proposal, the clock is provided by a quantum spin rotating under the action of an applied magnetic field. In [10] the PaW protocol is revisited by considering the clock's Hilbert space isomorphic to the Hilbert space of a freely moving particle. With this choice the clock space is equipped with unbounded position and momentum canonical coordinates.
In this work we explore the possibility to construct a time Hermitian observable that is conjugate to a clock Hamiltonian having an eigenvalue spectrum with a finite lower bound. It is clear, as already mentioned, that such exploration would be fruitless for the simple reason that its existence would contradict the Stonevon Neumann theorem. A way out was considered by D. T. Pegg [17] (see also [18] ) who suggested a protocol to construct an Hermitian operator, named "Age", complement of a lowerbounded Hamiltonian. The idea was to consider an Hamiltonian with an energy cut-off, calculate all quantities of interest, and eventually remove the cut-off by letting go to infinity the upper bound.
Age is conjugate to the Hamiltonian in the sense that it is the generator of energy shifts while the Hamiltonian is the generator of translations of the eigenvalues of Age. However, as Pegg emphasized, and consistently with the Pauli objection [1] , the Age operator cannot be considered, as a bona-fide time operator. This because Age is a property of the system itself and crucially depends on its state and thus cannot provide the flow of the "external" time. In particular, while for particular states the rate of change of Age's mean value can be constant, for an energy eigenstate its mean value does not evolve: a system in a stationary state would not age as time goes on [17] . The central result of the present work is to demonstrate that Pegg's Age operator can find a sound physical interpretation as time Hermitian operator in the Page and Wootters framework.
II. Time from Entanglement

A. PaW theory in a nutshell
Page and Wootters consider the whole Universe as being in a stationary state with zero eigenvalue (and therefore there is no need for an external time), consistently with the the Wheeler-DeWitt equationĤ |Ψ = 0 (4) whereĤ and |Ψ are the Hamiltonian and the state of the Universe, respectively. They divide the Universe into two non-interacting subsystems, the clock C and the rest of the Universe S, and thus the total Hamiltonian can be written asĤ
whereĤ c andĤ s are the Hamiltonians acting on C and S respectively, and 1 c , 1 s are unit operators. The condensed history of the system S is written through the entangled global stationary state |Ψ ∈ H = H c ⊗ H s (which satisfies the constraint (4)) as follows:
where the states {|t c } are eigenstates of the clock observable. In this framework the conditional probability to obtain the outcome a when measuring the observableÂ on the subspace S "at a certain time"t can be written, thanks to the Bayes theorem, as:
which brings to a "conditional probability interpretation of time". From Eq. (4) and (5), it is possible to derive the Schrödinger equation for the relative state of the subsystem S with respect to the clock C; we will elaborate on this point in the next Sections.
The PaW approach to time has not been without criticism. For instance Kuchar [19] questioned the possibility of constructing a twotime propagator and Albrecht and Iglesias [20] stressed how the possibility for different choices of the clock inexorably leads to an ambiguity in the dynamics of the rest of the universe. These objections were addressed by Giovannetti, Lloyd and Maccone [10] (see also [11, 21] ) and Marletto and Vedral [12] , respectively.
B. The Clock Subspace
The first crucial problem is to understand what is a good clock. We define as good clock a physical system governed by an lower-bounded Hamiltonian having discrete, equally-spaced, energy levels (a similar framework is adopted in [22] 
where s + 1 is the dimension of the clock space that, following D. T. Pegg [17] , we first consider as finite. We now search for an Hermitian observableT c in the clock space that is conjugated to the clock HamiltonianĤ c . We define the time states
with τ m = τ 0 + m T s+1 , E n = E 0 + n 2π T and m, n = 0, 1, ..., s. The states Eq.(9) provide an orthonormal and complete basis since
and s m=0 |τ m τ m | = 1 c .
With the states (9) we can define the Hermitian time operator
It is now important to notice that the operator τ is conjugated to the HamiltonianĤ c , indeed it is easy to show thatĤ c is the generator of shifts in τ m values and, viceversa,τ is the generator of energy shifts:
and
A second important property that is easy to verify is the ciclic condition on the clock states: |τ m=s+1 = |τ m=0 . The time taken by the system to return to its initial state is
with the spacing δE between two neighbouring energy eigenvalues. Conversely, the smallest time interval is
To summarise: the greater is the spectrum of the clock Hamiltonian, the smaller is the spacing δτ between two eigenvalues of the clock. The smaller is the distance between two eigenvalues of the clock energy, the larger the range T of the eigenvalues τ m . We conclude that a "good clock" is a system with a very small spacing between energy levels and a very large number of eigenvalues. The final crucial step is to choose the value of s. Following Pegg's prescription [17] , this has to be first taken finite in order to allow the calculation of all physical quantities of interest, including the Schrödinger equation, that will therefore functionally depend on s.
The physical values of the observables are eventually obtained in the limit s −→ ∞. Obviously, this limit implies a continuous flow of time, but nothing forbids, in principle, to choose s large but finite so to preserve a discrete time evolution. The two prescriptions would give different predictions for measured values of observables.
C. Dynamics
We consider the total Hilbert space H = H c ⊗ H s , with H c and H s having dimension d c = s+1 and d s respectively. We require that our "good clock" has d c >> d s . A general bipartite state of the Universe can be written as
We impose the Wheeler-DeWitt constraint H |Ψ = 0 and, under the assumption that the spectrum of the clock Hamiltonian is sufficiently dense (namely, that to each energy state of the system S there is a state of the clock for which (4) is satisfied), we obtain for the state of the Universe
with k |c k | 2 = 1. With the resolution of the identity (11), we write 
It is interesting to note, and we emphasise, that the state |φ m s is related to the the global |Ψ of the Universe by
that is the Everett relative state definition of the subsystem S with respect to the clock system C [16] . As pointed out in [12] , this kind of projection has nothing to do with a measurement. Rather, |φ m s is a state of S conditioned to the clock C in the state |τ m c . Now, following the PaW framework and using Eq.(21), the constraints Eq.s(4,5) and
Eq.(13), we have:
where |φ 0 s = τ0|Ψ Now we can also consider the global state written in the form (20) and, through (22) , we can consider the unitary operatorÛ s (τ m −τ 0 ) = e −iĤs(τm−τ0) [10] . With this choice the state of the global system can be written as
where explicitly is included the entire time history of the Universe. We conclude this Section by noticing that the probability to obtain the outcome a for the system S when measuring the observable A at a certain time τ m is given, as expected, by the Born rule: 
III. The Hermitian Time Operator
Here we show that within the PaW framework the operatorτ has the expected properties of a Hermitian time observable. It is well known that Pauli objected about the existence of a time Hermitian operator because time is continuous and unbounded in the past and in the future while a Hamiltonian has a lower bounded energy (continuous or discrete) spectrum. Pegg's Age operator overcome the Pauli objection [1] sinceτ has a discrete spectrum and cyclical boundary conditions while the appropriate limits are taken only after calculating whatever of interest. The question we address here is whyτ can not be considered as a proper time operator outside the PaW mechanism. As clearly pointed out by Pegg,τ has dimensions of time but it is a property of the quantum system, and it strongly depends on the state of the system. With a quantum system with Hamiltonian H we would be forced to considerτ defined on the space of the system itself. So the evolution of the mean value ofτ operator with respect to an external time has to be constant or at least not zero, otherwise the dynamics would freeze:
where |ψ is a generic state of the system . If we consider the system in an energy eigenstate (that is |ψ = |E i ), we obtain [23] , because in the Page and Wootter theory the concept of external time is eliminated (or in any case becomes irrelevant), and time is an emerging property of entanglement between the system S and the clock C imposed by the Wheeler-DeWitt constraint.
IV. Conclusions
In this work we have elaborated on the Page and Wootters theory. PaW provides a consistent picture of quantum time as an emerging property of entanglement among subsystems of the Universe. We have considered a protocol introduced by Pegg for the construction of a "Age" operator complement of a bounded Hamiltonian. By incorporating Pegg's formalism in the PaW theory we have shown that Age can be interpreted as an Hermitian time operator providing the dynamical evolution of the system. We can read the PaW approach as a general "internalization protocol" where, beside time, it is possible to internalise spatial reference frames where space is "what is shown on a meter". This might help a small step forward the general program to to build-up a relativistic quantum model of space-time.
